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I. Introduction and Statement of Results 

Regarding the number of zeros of a polynomial inside the unit disk, the following results were recently proved by 
M. H. Gulzar [2]: 

Theorem A: Let P (z) = ^a ; z J be a polynomial of degree n such that for some p > 0 , 

p + a n > a n _ l > >a x >a 0 . 

\a 0 \ 

Then the number of zeros of P (z) in — K — <S <l does not exceed 

M j 

1 2p + \a n \ + a n +\a 0 \-a 0 

— r log I, — ' 

log- I "I 

a 

Where M x = 2p + \a n \ + a n - a 0 . 

TheoremB: Let P (z) =^a.z* be a polynomial of degree n with complex coefficients .If 
Recij = OCj Ima ; = f$ p j = 0,1,..., n, and for some p > 0, 

p + a n >«„_, >...>«! >a 0 , 

\ a o\ || 

then the number of zeros of P(z) ' m M ~ ' ^ oes not excee d 



2p + \a n \ + a n + \a Q \-a 0 + 2^\/3j\ 

1 1 7=0 

-log- 

log 



1 w 



^8 

Where M 2 = 2p + \a n \ + Ct n - a 0 +\fla\ + 2 ^\flj\- 

Theorem C: Let P(z)=^a i -Z i be a polynomial of degree n with complex coefficients .If 

Recij = a h \ma } = f3 p j = 0,1,..., n, and for some p > 0, 
P + J3 n >j3 n _ l >..>j3 l >j3 0 , 

\ a o\ || 

then the number of zeros of P(z) m M ~ ' ^ oes not excee d 
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2p + |A|+A + |fl>|-A+2ZW 

1 i j=o 



log I hi 

o 

Where M 3 =2p + \j3„ \ + J3 n - fi Q + \a 0 1 + 2^ \ccj I . 

7=1 

Theorem D. Let P (z) = ^ q be a polynomial of degree n with complex coefficients such that 
|arg dj — /?| < a < ^ , j = 0,1, . . n, for some real /? 

and 

|p + aj>]a„_ 1 ]>...>|a 1 |>|a 0 |, for some p >0. 

| a o| II 

Then the number of zeros of P(z) in < z < <^,0 < (J < 1, does not exceed 

M 4 

(p + \a n |)(cos a + sin a + 1) - |a 0 |(cos « - sin a - 1) + 2 sin |a y | 

— r log n ~ — ' 

log I o| 

where 

^4 =(p + |fl„ |)(cos a + sin a + 1) - |a 0 |(cos a - sin a) + 2 sin | 
In this paper, we prove certain generalizations of the above results. In fact, we prove the following : 

Theorem 1: Let P(z) = ^CLjZ J be a polynomial of degree n with THe(a j ) = a } and Jmfaj) = f3-, j=0,l,2, ,n. If 

for some real numbers /I , /? > 0 , 1 < & < ft, a„_ A . ^ 0, Oi n _ k _ x > GC n _ k , 

p + a n > a n _ x > ...a n _ k+i > Aa n _ k > a n _ k _ x > ... > a, > a 0 , 
\a 0 \ 

then the number of zeros of P(z) in — K — dfi <8 <\, does not exceed 

M 5 

2p + \a„\ + a n +(A-l)a n _ k +\A-l\\a n _ k \-a Q +\a 0 \ + 2^\j3j\ 

1 i 7=0 

-log 



1 b Kl 

5 

M 5 =2p + \a n \ + a n \)a n _ k + l\\a n _ k \ - a 0 + \j3 Q | + 2^ | , 



log- 
o 



and if OC n _ k > OC n _ k+x , then the number of zeros of P(z) in — kl — 3$ <8 <\, does not exceed 

" M 6 

2p + \a n | + a n + (1 - + |l - A||a n 1 1 - a 0 + \a 0 \ + 2^ |^ | 

o 

where M b =2p + \a n \ + a n + (1 - + |l - A|[«r„_ & I - a Q + \/3 Q \ + 2^ |/?, | . 
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Remark 1: Taking A = 1 , Theorem 1 reduces to Theorem B. 

Remark 2: If a . are real i.e. P ■ = 0 for all j , Theorem 1 gives the following result which reduces to Theorem A by 
taking A = l: 

Theorem 2: Let P(z) — ^flf be a polynomial of degree n .If for some real numbers A,p>0, 

\<k<n, a H _ k * 0, a n _ k _ x > a n _ k , 

p + a n > a„_j >...a n _ k+l > Aa n _ k >a n _ k _ x >...>a l >a Q , 

then the number of zeros of P(z) in ~~~ — \z\ — dfi < S <1 , does not exceed 

1 2/7 + \a n I + a n + (A - l)a n _ k + \A - ilia 4 1 - a 0 + |a 0 1 
f log !— ! -—^ !! !— 1 , 

log- W 
where M 7 = 2/7 + [a„ | + a n + (A- V)a n _ k + |/L - l||fl„_ 4 | - a 0 , 

K| | | 

and if a k > a k t , then the number of zeros of P(z) in — K — 8,0 < 8 < 1 , does not exceed 

" M 8 

1 2p + \a„ I + a n + (1 - A)a, + |l - A||a__ 4 1 - a 0 + |a 0 1 

f log !— ! n ^ !! !— t , 

log- I 0| 

O 

where M 8 = 2/7 + \a n \ + a n + (1 - X)a n _ k + |l - A||a n _ A . | - a 0 . 

Applying Theorem 1 to the polynomial -iP(z), we get the following result, which reduces to Theorem C by taking A = 1 : 

Theorem 3: Let P(z) = ^ i a j z J be a polynomial of degree n with Re(a j ) = a j and Im(a^) = f}., j=0,l,2, ,n. If 

for some real numbers A,p>0, \<k<n, fi n _ k ^ 0, > P n _ k , 

p + J3„ > p n _ x > ...J3 n _ k+1 > Afi n _ k > J3 n _ k _, >...>J3 X >J3 0 , 

\a 0 \ 

then the number of zeros of P(z) in — K — 8,0 < 8 < 1 , does not exceed 

M Q 

f 2p + \p n | + p n + a - + 1* - 1|| I -Po+\Po\+ 2^ K I 

— r log n ~ — ' 

log I M 

where M 9 = 2/? + | + /?„ + (2-l)# ! _ 4 + |A - l\\P n _ k \ - J3 0 + \a 0 1 + 2^[a , 

|a 0 | 

and if j3 k > j3 _ k+l , then the number of zeros of P(z) in — K — <8 <l, does not exceed 

2/7 + \J3„ \ + {3 n +(1- + 11 - | - P 0 + \P 0 \ + 2±\ aj \ 

1 i 7=0 

— r log n ' 

log I 0| 

o 

vihem M w =2p + \P n \ + P n + {\-A)p n _ k + |l - A|/? n _ A | - /? 0 + |« 0 | + 2^\a j\ . 
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Theorem 4: Let P(z) = ^^CljZ j be a polynomial of degree n .If for some real numbers A>0,p>0, 

\<k< n,a H _ k *0, 

\p + a n \> \a n _ x | > ... > \a n _ k+l \ > A\a n _ k \ > \a n _ k _ Y \ > ... > \a x \ > \a 0 \ , 

and for some real (3 , |arga . — /?| < a < ^ , j = 0,1, , n and 1 > \a nk | , i.e. A > 1 ,then the number of zeros of 

|a 0 | 

P(z) in — — < |z| < 8,0 < 8 < 1 , does not exceed 

[(/? + \a n | (cos a + sin a + 1) - \a n _ k |(cos a - sin a - A cos « — A sin ct: — A + 1) 

-|a 0 |(cosa-sina-l) + 2sina ^|o ; -|] 

rlog 

log! N 



where M n = (p + \a n |(cos a + sin a + 1) - |a„_ A |(cos a - sin a - A cos a-/lsina-/l + l) 

n-l 

- |a 0 |(cos a - sin a) + 2 sin a /^|a ; .| 

i i i i l fl o| I I 

and if a„ t > a„ t . , , i.e. /I < 1 , then the number of zeros of P(z) in < \ z ^ 8,0 < 8 < 1 , does not exceed 

I »-*+!! M]2 I I 

[(/? + |a n |(cos « + sin a + 1) + \a n _ k |(cos a + sin a - 2 cos « + /lsin« + l-/l) 
- |a 0 |(cos a - sin a - 1) + 2 sin a ^| a ;|] 

1 _ lQg _ J=U*n-k WW„ 

log 



1 ~ c M 



8 

M 12 =(p + \a n | (cos a + sin a + 1) + \a n _ k |(cos a + sin a - A cos a + /Lsina + l-/l) 

n-l 

- |a 0 |(cos a - sin a) + 2 sin a • 
Remark 4: Taking A = l, Theorem 4 reduces to Theorem D. 

II. Lemmas 

For the proofs of the above results, we need the following results: 

Lemma 1:. Let P(z)=^fl -Z 7 ' be a polynomial of degree n with complex coefficients such that 

|arg dj — /?| < a < ^ , J = 0,1, . . .ft, some real /? ,then for some t>0, 

|to_y - a^j | < | - |]cos a + [/ja y 1 + |a . 1 1 Jsin a. 
The proof of lemma 1 follows from a lemma due to Govil and Rahman [1]. 
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Lemma 2.1f p(z) is regular ,p(0) ^ 0 and |/?(z)| < M in \z\ ^ 1, then the number of zeros of p(z) in |z| < S,0 < 8 < 1, does 

1 , M 

not exceed —\og- (see[4],pl71). 

logl l*n>l 

o 

III. Proofs of Theorems 

Proof of Theorem 1: Consider the polynomial 
F(z) = (l-z)P(z) 

= (l-z)(a n z" +a n _ l z"~ l + + a 1 z + a Q ) 

= -a n z" +l +(a„ -a n _ x )z" + + ( a „-k+i ~ a n -k)z"~ k+l + ( a ,,-k ~ a n-k-\)z" k 

+ ( a n-k-i ~ a n-k-i )z"~ k ~ l + + (a x -a Q )z + a Q 

= -(a n +i/3 n )z n+l +(a n -a n _ x )z" + + (a n _ k+l -a n _ k )z n ~ k+1 

+ (oc n _ k -a n _ k _ l )z n ~ k + (cc n _ k _ i -^ n -k-i)z n k x + + -cc 0 )z + cc 0 

+ if ( (j3 j -j3 j _ 1 )z i +ij3 0 

If a n-k-\ > a n-k ' then 

F(z) = -ia n + i/3 n )z" +1 - pz" +(p + a n - a n _ x )z" + + (ct n _ m - oc n _ k )z n ~ k+1 

+ (Aa n _ k -a n _ k _ x )z"~ k -(A-l)a n _ k z n ~ k + (a n _ k _ x - a n _ k _ 2 )z"~ k ~ 1 + 

+ («, -a 0 )z + a 0 + -P hl )z j +i/3 0 . 

For|z|<l, 

\F(z)\ <\a n \ + p + p + a n - a n _ x + + a n _ M - a n _ k +la n _ k - a n _ k _ x + \A- l\\a n _ k \ 

+ a n _ k _ x - a n _ k _ 2 + + - a 0 + 1« 0 1 + 2^ |/? ; . | 

- 2p + \a„ | + a n + (A - V)a n _ k + \A- l\\a n _ k \-a 0 + \a 0 \ + 2^|^ | 

7=0 

Hence by Lemma 2, the number of zeros of F(z) in |z| < 8,0 < 8 < 1 , does not exceed 

2p + \a n \ + a a + (A-l)a n k + \A-l\\a n k \-a 0 + \a 0 \ + 2 Y J \fij\ 

O 

On the other hand, let 

Q (z)= -a n z" +x +{a n ~a n _ 1 )z" + + (a n _ k+1 -a n _ k )z"~ k+l +(a n _ k -a n _ k _ 1 )z n ~ k 

+ (a n _ k _ x -a n _ k _ 2 )z M + + (a x -a 0 )z 

For|z| <1, 

\Q(z)\ <\a„\ + p + p + a n - a n _ x + + a n _ k+l - a n _ k + Aa n _ k - a n _ k _ x + \A - ^\a n _ k \ 

+ OC_ k _ x - CC„_ k _2 + + #i -CXq + \fl 0 1 + \Pj | 

7=1 

= 2p + \a n \ + a n +(A-\) + \A- l\a n _ k \ - a 0 + \/3 0 \ + 2^ \ = M S . 
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Since Q(0)=0, we have, by Rouche's theorem, 

|g(z)|<M 5 |z|,for|z|<l. 

Thus 

\F(z)\ = \a 0 +Q(z)\ 

^K\-\Q(z)\ 
>\a Q \-M 5 \z\ 
>0 

|a 0 | 

This shows that F(z) has no zero in z < . Consequently it follows that the number of zeros of F(z) and hence P(z) ii 

M 5 

hi , , 

< \z\ ^ ^,0 < 8 < 1 , does not exceed 

M 5 1 1 

2p + \a n \ + a n +(A-l)a n k +\X-\\a n k \-a 0 +\a 0 \ + 2 Y J \fij\ 

log I Kl 

8 

If a n _ k > Ct n _ k+l , then 

F(z) = -(«„ + ifi„ )z n+l - pz" +(p + a n - a n _ x )z" + + («„_ t+1 - ^oc n - k )z n ~ M 

+ (a n _ k -a n _ k _ l )z n ~ k -(\-X)a n _ k z n ~ k+ +(a n _ k _ 1 -oc^^z"^ 1 + 

+ (a 1 -a 0 )z + a 0 + i£ {fi } - P hX )z j + i/3 Q . 

For |z|<l, 

\F(z)\ <\a n \ + p + p + a n + + ot n _ k+x - Aa n _ k + a n _ k -a n _ k _ x + |l - ^,|or n _ t | 

+ a n _ k _ x - cc„_ k _ 2 + + &i - <z 0 + \oc 0 1 + 2^ \/3j | 

= 2p + \a n \ + a n +(l-A)a n _ k + A\\a n _ k \-a 0 +\a 0 \ + 2j^\j3j\ 
Hence by Lemma 2, the number of zeros of F(z) in |z| ^ 8,0 < 8 < 1 , does not exceed 
2p + \a n \ + a n +(l-A)a n k + \l-A\\a n k \-a 0 +\a 0 \ + 2^\j3j\ 

A log n — ■ 

8 

On the other hand, let 

Q(z)= -a n z n+x +{a n -a n _ x )z" + + (a n _ k+i - a n -k) z "~ k+1 + ( a „-k ~ a n-k-\) z " k 

+ ( a n-k-l ~ a n-k-2)Z n ~ k ~ l + + ( a i ~ a ())Z 
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= -(a n +ifi n )z" +1 -pz" +(p + a n -a n _ x )z" + + (a n _ M -Xa n _ k )z n ~ M 

+ (a n _ k -a n _ k _ x )z n ~ k -(1-A)a n _ k z n ~ k+1 + (a n _ k _ x - a n _ k _ 2 )z n ~ k ~ l + 

+ (a 1 -a 0 )z + i y £(j3 j -p j _ 1 )z i 

For |z|<l, 

|<2(z)| < \a n | + p + p + a n - a n _ x + + a n _ k+l - Aa n _ k + a n _ k - a n _ k _ x + |l - X\a n _ k \ 

+ a_ k _ x - a n _ k _ 2 + + a x - a 0 + \fi 0 \ + 2^\j3 . \ 

;'=i 

= 2p + \a n | + a n + (1 - X) + 11 - A\\a n _ k \-a 0 +\j3 0 \ + 2^|^ | = M 6 . 

Since Q(0)=0, we have, by Rouche's theorem, 

|Q(z)|<M|z|,for |z|<l. 

Thus 

\F(z)\ = \a 0 + Q(z)\ 

>|« 0 |-|e(^)| 

>\a 0 \-M 6 \z\ 
>0 




This shows that F(z) has no zero in \z\ < . Consequently it follows that the number of zeros of F(z) and hence P(z) 

M 6 

|a 0 | 

< Z < S,0 < 8 < 1 , does not exceed 

M 6 1 1 

2p + \a„\ + a n +(1-A)a n _ k A\\a n _ k \-a Q +|«o| + 2 XK'| 

— r log n • 

That proves Theorem 1. 

Proof of Theorem 4: Consider the polynomial 
F(z) = (l-z)P(z) 

= (1 - z)(a n z " + a n _ x z n_1 + + a x z + a 0 ) 

= -a n z n+x +(a„ -a n _i)z n + + ( a „-k+i ~ a n -k) z " k+l + ( a n-k ~ a n -k-i)^"~ k 

+ ( a „-k-\ ~ a n-k-2 )z n ~ k ~^ + + (a x -a X) )z + a 0 

If \a n _ k _ x | > \a n _ k | , i.e. A > 1 , then 

F(z) = -a n z n+1 - pz" +(p + a n -a n _ x )z" + + {a n _ k+x ~a n _ k )z n ~ k+1 

+ (/La n _ k -a n _ k _ 1 )z"~ k -{A-V)a n _ k z n ~ k + (a n _ k _ x - a n _ k _ 2 )z n ~ k ~ l + 

+ (a l -a 0 )z + a 0 
so that for |z| ^ 1 , we have by using Lemma 1, 

\F(z)\ < \a n | + p + \p + a n - a n _ x | + + \a n _ k+l - a n _ k \ + \Xa n _ k - a„_ k _ x \ 
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+ 1 X - l\\a n _ k | + |a n _ fe _j - a n _ k _ 2 \ + + ^ - a 0 \ + \a 0 \ 

< \a n | + p + (\p + a n | - |a B _j |) cos a + (\p + a n | + \a n _ x |) sin a + 

+ (K-A-+1 I ~ \ a n-k |) COS a + (\ a n-k + l | + \ a n-k |) « + ~ 1)|« B -Jfc | 

+ (X\a n _ k | - |a B _ t _i |) cos a + (X\a n _ k | + \a„_ k _i |) sin a 

+ | ~ \ a n-k-2 |) COS ^ + (\ a n-k-l I + |) SU1 a + 

+ I - |a 0 1) cos or + (\a x | + |a 0 1) sin a + \a Q | 

< (p + \a n |)(cos a + sin a + 1) - |(cos a - sin a - X cos a-/lsina-/l + l) 

«-i 

-|a 0 |(cosa-sina-l) + 2sina ^[a ; .| 

Hence, by Lemma 2, the number of zeros of F(z) in |z| < £,0 < (J < 1, does not exceed 

[(p + \a n |(cos a + sin a + 1) - |a n _ t |(cos a - sin a - X cos «-/lsina-/l + l) 

- \a 0 |(cos a - sin a - 1) + 2 sin a 



let 

Q(z)= -a„z" +1 +{a n -a n _ 1 )z n + + (a n _ k+1 -a n _ k )z"~ k+i + (a n _ k -a n _ k _ l )z n ~ k 

+ (a n _ k _ J -a n _ k _ 2 )z M + + (a, -a 0 )z 

For |z|<l, 

|Q(z)| < (p + \a n |)(cos a + sin a + 1) - |a n _ t |(cos a - sin a - X cos a - X sin a - X + 1) 
-|a 0 |(cosa-sina) + 2sina ^|q.| 
= M n . 

Since Q(0)=0 , we have , by Rouche's Theorem, 

\Q(Z)\<M U \ Z \, for |z|<l. 
Thus, for |z| < 1, 
\F(z)\ = \a Q +Q(z)\ 

^K\~\Q(z)\ 

>\a Q \-M n \z\ 

>0 

, fW <M. 

M n 

ii , , hi 

This shows that F(z) has all its zeros z with z ^ 1 in z ^ . 

M n 

k| . . 

Thus, the number of zeros of F(z) and hence P(z) in — W — ^,0 <5 <\, does not exceed 

My, 



_On the other hand, 
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[(p + \a n |(cos a + sin a + 1) - \a n _ k |(cos a - sin a - A cos a - A sin a - A + 1) 



If |fl n _^ | > |a„_ t+] | , i.e. A < 1 , then 

F(z) = -a„z' ,+1 - pz" + (p + a n - a n _ x )z n + + (a n _ k+1 - Aa n _ k )z n ~ k+1 

+ (a n _ k -a n _ k _ { )z"~ k ~(l~A)a n _ k z"~ k+1 +(a n _ k _ l -a„_ jt _ 2 )z"^ _1 + 

+ (a l -a 0 )z + a 0 
so that for | z | < 1 , we have by Lemma 1 , 

\F(z)\ < \a n | + p + \p + a n - a n _ x \ + + \a n _ k+l - Aa n _ k | + \a n _ k - a n _ k _ x \ 

+ |l - A\a n _ k | + \a n _ k _ x - a n _ k _ 2 \ + + \a x - a 0 1 + \a 0 1 

< \a n | + p + (\p + a n | - \a n _ x |) cos a + (\p + a n | + \a n _ x |) sin a + 

+ (\a n _ k+l | - A\a n _ k |) cos a + (\a n _ k+1 1 + A\a n _ k |) sin a + |l - A\a n _ k \ 

+ (\ a n-k | ~ | a «-A:-l |) COS a + (| a »-A: | + \ a n -k-l |) S^ 11 tt 

+ (| a „-*-l | ~ \ a n-k-2 |) COS tt + (\ a n-k-l | + | fl B -*-2 |) SU1 « + 

+ (|<3j | - \a Q 1) cos a + (|<3j | + |a 0 1) sin a + |a 0 1 

< (p + \a n |)(cos a + sin a + 1) + |(cos a + sin a - A cos a + /I sin a + 1- A) 

n-\ 

-|a 0 |(cosa-sina-l) + 2sina j]\ a i\ 
Hence , by Lemma 2, the number of zeros of F(z) in |z| < S,0 < 8 < 1 , does not exceed 



[(/? + \a n |(cos a + sin a + 1) + |a„_ Jt |(cos a + sin a - A cos a + As'ma + l-A) 



On the other hand, let 

Q(z)= -a n z" +1 +(a n -a n _ l )z" + + (a n _ k+1 -a n _ k )z"~ k+i +(a n _ k -a n _ k _^)z"~ 

+ (a n _ k _ l -a n _ k _ 2 )z n ~ k ~ 1 + + (a 1 -a 0 )z 



\Q(z)\ < (p + \a n |)(cos a + sin a + 1) + \a n _ k |(cos a + sin a - A cos « + /lsina + l-/L) 






log 




For |z| < 1 , by using Lemma 1, 




= M l2 . 

Since Q(0)=0 , we have , by Rouche's Theorem, 



|<2(z)|<M 12 |z|, for |z| <1. 
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\F(z)\ = \a Q +Q(z)\ 

*K\-\Q(z)\ 

>\a Q \-M l2 \z\ 
>0 

if|z|<^. 

M , , M 

This shows that F(z) has all its zeros z with \z\ < 1 in \z\ > . 

M n 

\a 0 \ 

Thus, the number of zeros of F(z) and hence P(z) in < \z < 5,0 < 8 < 1 , does not exceed 

M l2 

[(/? + \a n |(cos a + sin a + 1) + \a n _ k |(cos a + sin a - X cos a + /lsin« + l-/l) 

-|a 0 |(cos«-sin«-l) + 2sin« 

f log . 

log* W 

That proves Theorem 4. 
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